Ease of miniaturization, and less or no maintenance, among other advantages, have pushed towards replacement of conventional batteries with energy harvesters in particular, vibratory energy harvesters. In the recent years, nonlinearity has been intentionally introduced into the otherwise linear energy harvesters in the hope of increasing the frequency bandwidth and power density. However, fundamental limits on the harvestable energy of a harvester subjected to an arbitrary excitation force is yet unknown. Understanding of these limits is not only essential for assessment of the technology potential, but also provides a broader prospective on the current harvesting mechanisms and guidance in their improvement. Here we derive the fundamental limits on output power of an ideal energy harvester, and develop an analysis framework for simple computation of this limit for more sophisticated set-ups.
damped and coulomb-damped resonant generators as well as for coulomb-force parametric generator. It was also shown in the literature that for harmonic excitation, an optimized nonlinear harvester has a power output of 4 π times that of a tuned linear harvester 26 . More recently, maximal power limits for linear 27 and nonlinear 28 energy harvesters under white noise excitation were explored. All the studies conducted thus far exploring the power limits, have considered either specific harvester designs or particular input excitations (mainly harmonic or white noise random vibration).
In this work we provide an analytical framework for deriving the energy harvesting limits for generic nonlinear harvesters excited by arbitrary external forcing. To illustrate the approach,
we build a hierarchy of increasingly more constrained models of nonlinear harvesters, derive the 4 closed form solutions for simplest models and provide general formulations where the closed form solutions do not exist. Inspired by the optimal solutions to the simple model we propose a conceptually design of latch-assisted nonlinear harvesters and show that they are significantly more efficient than the traditional linear and nonlinear harvesters in broadband low-frequency excitation that is common to practical situations.
Ideal Energy harvesting
We consider a model of a single-degree-of-freedom ideal energy harvester characterized by the mass m and the displacement x(t) that is subjected to the energy harvesting force f (t) and exogenous excitation force F (t). The dynamic equation of the system is a Newton's second law mẍ(t) = F (t) + f (t). The fluxes of energy in the system are given by the expressions Fẋ, −fẋ, and m 2ẋ 2 representing respectively the external input power to the system, harvested power, and instantaneous kinetic energy of the system. We start our analysis by considering an idealized harvester with no constraints imposed on either the harvesting force f (t) or the displacement x(t). It is easy to show that overall harvesting rate in this setting is unbounded. Indeed, the trajectory defined by a simple relationẋ(t) = κF (t)
that can be realized with the harvesting force f = mκḞ − F results in the harvesting rate of κF 2 that can be made arbitrarily large by increasing the mobility constant kappa. This trivial observation illustrates that the question of fundamental limits is only well posed for the model that incorporate some technological or physical constraints. This is a general observation that applies 5 to most of the known fundamental limits. For example, Carnot cycle limits the efficiency of cycles with bounded working fluid temperature, and Shannon capacity defines the limits for signals with bounded amplitudes and bandwidth.
To derive first nontrivial limits to the energy harvesting efficiencies we consider the displacement amplitude and energy dissipation constraints that are common to all energy harvesters. For the first constrained model we consider the displacement constraint with the trajectory limited in a symmetric fashion, i.e. |x(t)| ≤ x max , where x max is the displacement limit. In this model we assume there is no natural dissipation of energy in the system, so in the steady state motion, the integral net input of energy into the system equals the harvested energy. Thus, the maximum harvested energy could be evaluated simply by maximizing the following expression:
Here the optimization is carried over the set of all "reachable" trajectories, that can be realized given the system constraints. As long as the harvesting force f is not subjected to any constraints, this set simply coincides with the set of bounded trajectories defined by |x(t)| ≤ x max . The optimal trajectory is then easily found by rewriting the integral in Eq.(1) as − dtḞ (t)x(t) . It is straightforward to check that this expression is maximized by
The interpretation of Eq.(2) is straightforward and can be summarized as "buy low, sell high" harvesting strategy. The optimal harvester keeps the mass at its lowest position until the force F reaches its local maximum at t = t 0 (where the sign ofḞ changes) and then activates the force f to 6 move the mass by 2x max upwards as fast as possible. The energy harvested during this transition is equal to 2F (t 0 )x max . Then, the harvester waits until the force reaches its local minimum and repeats the movement in reversed fashion. The process is repeated at every extremum of the external force field. Notably, the infinitely fast motion of the mass at the extremal points implies that the harvester injects energy in the system during the acceleration, and takes it away at the deceleration stages. However, the net balance of energy injections is positive.
This strategy is remarkably similar to the strategy employed by Carnot cycle machine and can be also derived using similar geometric arguments. In the F, x parametric plane, the overall harvested energy is defined as the integral F dx representing the area of the contour produced by the cycle. For a local realization of the force both the values of the force and the values of displacement are bounded, so the energy is maximized by the contour with rectangular shape. Very similarly the Carnot cycle has a simple rectangular shape in temperature-entropy T − S diagram that can be derived by recognizing that the overall work given by T dS is the area of the contour that is constrained by the temperature limits.
The net harvested energy in this model can be expressed as E max = x max |Ḟ (t)|dt. For commonly used Gaussian models of the random external forces characterized by the Fourier transform F ω = dt exp(iωt)F (t), and corresponding power spectral density |F ω | 2 , the quantityḞ (t)
is a Gaussian random variable with zero mean and the variance given dω 2π ω 2 |F ω | 2 . Therefore, the maximal harvesting energy is given by the following simple expression:
The strategy favours the high frequency harmonics which produce frequent extrema of the external force each coming with the harvesting opportunity. Obviously, in practice harvesting energy at very high harmonics will not work because of the natural energy dissipation in the system. So, in our next model, we consider the limits associated with dissipation.
To make the analysis tractable we define a new model without the displacement constraints (so x max = ∞), but with additional damping force F d = −c mẋ . Consequently, the dynamic equation changes to mẍ(t) + c mẋ (t) = F (t) + f (t), and c mẋ 2 (t) represents the power dissipated in the mechanical damper. The harvested energy
, assuming no accumulation of energy in the system at steady state. This is a simple quadratic function inẋ that is maximized byẋ = F/2c m thus resulting in the following integral energy expression.
As in the previous models, without any constraints on the harvesting force, the trajectory is achievable with the input harvesting force of the form f (t) = mẍ * (t) − F (t)/2. Furthermore, in view of Parseval's theorem and the final result in Eq.(4), the maximum energy in frequency domain
This simple frequency-domain representation has an important property that with the optimal and ideal harvester force, energy is harvested from all the frequency components of the excitation force equally proportionate to the power spectrum of the forcing function. This is very advantageous to low-frequency and broadband vibration sources such as wave or walking motion where efficient resonant harvesting is not possible.
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In a similar fashion it is possible to construct more complicated limits that combine multiple constraints. Although most of these models do not admit a closed-form solution, the corresponding optimization problem is computationally simple and can be transformed into a system of ordinary differential equations using the Lagrangian multiplier and slack variable techniques. For example, incorporation of the displacement constraints into a damped harvesting model can be accomplished by solving the following variational problem:
Here, the unconstrained optimization is carried over x(t), f (t), the two Lagrangian multiplier functions λ(t) and µ(t) and the so-called slack variable α(t). The function E(x,ẋ,ẍ, t) = mẍ + c mẋ − F − f represents the equality constraint associated with the equations of motion, while the indica-
that is positive only on admissible domain represents the inequality constraint for the displacement. The incorporation of the slack variable α in quadratic form ensures that the inequality constraint is always satisfied. Other equality and inequality constraints on the displacement, velocity, or harvesting force amplitudes can be naturally incorporated in a similar way. Using the standard Euler-Lagrangian variational approach the problem can be transformed into a system of ordinary differential equations that can be easily solved for arbitrary forcing functions and thus provide universal benchmarks for any practical harvesters. It is worth noting, that the general approach of studying the extremal behavior of the physical systems using variational approach is by no means new. In its modern form it originated in the quantum field theory 29 but
has since been applied in many fields most notably in one of the most difficult nonlinear problem of turbulent dynamics 30 .
Force constraints
Having a totally arbitrary harvesting force as in an ideal harvester, may not be easily realizable with the current technology at least on small scales. More accurate efficiency limits can be derived on models incorporating additional constraints on the harvesting force f (t). In a more realistic representation of the system the harvesting force f (t) can be decomposed into three parts. First, is an inherent or intentionally introduced restoring force from the potential energy U (x) usually originating from the mechanical strain of a deflected cantilever harvester. Second is the linear harvesting energy force equal to c eẋ that is typical to most of the traditional conversion mechanisms.
Finally, controlled harvesters may also utilize an additional control force u(t) to enhance the energy harvesting efficiency. In contrast to the ideal harvester the control force can not be used for direct extraction of energy from the system, however it can be used to change the dynamics of the system in a way that increases the overall conversion rate c eẋ 2 . More precisely, the overall energy harvested from the system is given by dt[c eẋ 2 −w(t)], where w(t) represents the power necessary to produce the control force u(t) and the corresponding power p(t) = u(t)ẋ. The corresponding optimization problem can be written as
Here the new function l(t) = w(t) − p(t) represents the losses of power during the control process.
The specifics of the losses process depend on the details of the system design and can be difficult to analyze in a general setting. However, it is easy to incorporate a number of common natural and technological constraints on the loss rate. First, the second law of thermodynamics implies that the losses are always positive. If the the control system cannot accumulate any energy, this constraint can be represented simply as l(t) ≥ 0. If energy accumulation is possible, only integral constraint can be enforced: l(t)dt ≥ 0. Obviously, if this is the only constraint imposed on the system, the optimal solution would correspond to zero losses l = 0 and coincide with previous analysis of an ideal harvester.
More interesting bounds can be obtained by incorporating common technological constraints.
The obvious one is the introduction of limits on the force value u min ≤ u(t) ≤ u max that can be naturally added via additional slack variables as described above. The two other constraints represent different levels of sophistication of the harvesting control systems. First, is the inability of the control system to harvest the energy. Typically the conversion of mechanical energy to useful electrical one happens only through the electric damping mechanism characterized by the force c eẋ . In this case, the work done to produce the control input is constrained to be positive, so w(t) ≥ 0 or l(t) ≥ −uẋ. This setup corresponds to a harvesting system where the control force u(t) can inject the energy into the system but cannot extract it from the system. Even more restrictive constraint would correspond to a situation where the control system cannot inject energy at all, so it is only capable of increasing the natural dissipation rate, thus acting as an effective break. In this case, the power injection can be only negative, so u(t)ẋ ≤ 0.
These two extensions of the problem can be naturally transformed into nonlinear systems of differential equations using the slack variable technique explained above. Numerical analysis of these equation may provide upper bounds on the energy efficiency. Comparison of different bounds would then provide a natural way of valuing the potential benefits of possible control systems used in energy harvesters.
Latch-assisted energy harvesting
To illustrate the usefulness of the harvesting efficiency limits we propose a conceptually novel way of nonlinear harvester that is inspired by the behaviour of an ideal harvester with no mechanical damping described by (Eq. (2)). This harvester is based on a passive control system and satisfies the strictest constraints introduced in our work. At the same time, we show that in practical settings it can achieve very high efficiencies close to the fundamental limits defined by the weakly constrained system. The harvester is based on a simple extension of a classical linear mass-spring damper system with a simple latch mechanism that can controllably keep the system close to x = ±x max positions mimicking the ideal harvester and to enforce the trajectory expressed by Eq.(2).
More specifically, we use a simple control strategy when the secondary stiff spring representing the latch is activated when the harvester mass reaches its maximum or minimum displacement limit, so that the harvester mass is held at the limit. When the force reaches its extremal value a signal is sent to the latch mechanism to release the mass by detaching the secondary spring. Dynamic equation of this system could be rewritten as mẍ(t)
where σ(t) is the signal for activation or deactivation of the latch system. U 0 (x) and U l (x) are respectively the potential energy of the harvester's linear restoring force and the latch mechanism. Fig.1 illustrates the concept of maximizing the harvested energy through a latch mechanism as one method to mimic the trajectory in Eq. (2) . In this method, almost all the work is done on the system when the system is moving from one end to the other; this energy is then harvested and dissipated when the system is blocked by a latch from moving outside of the extremal points.
Whenever the excitation is slow in comparison to the natural period of the harvester, the system translates between the extrema very fast, while the force remains close to its extremal values. The system takes natural advantage of the frequencies and unlike traditional linear harvesters has a higher efficiency at low frequencies.
To compare with the alternative approaches to nonlinear harvesting, we choose one of the most efficient and popular harvesters with the bistable potential of the form U (x) = 1 2
Here, k 1 is the linear spring constant, k 3 is the nonlinear spring constant, and r is a tuning parameter. Fig.2 compares the three equivalent systems differing only in form of potential and control input in terms of displacement and harvested energy when they are excited by base excitation. Fig.2 (b) shows that the latch-assisted harvester outperforms both linear and bistable system. Notably, in this experiment the high performance of latching harvester is achieved without any tuning of the parameters. At the same time the performance of the bistable harvester requires some tuning. Fig.3 gives further insight to the origin of high energy harvesting efficiencies where we plot the trajectories in the phase space of the system. Fig.3(a) illustrates phase diagrams of the three harvesters. According to the figure, translation between the two ends occur at the largest speed in the latch-assisted harvester that could be indicative of better energy harvesting. for heat engines; the rectangle in Fig.3 (b) pertaining to the ideal harvester with only displacement constraint (no mechanical damping) is analogous to the rectangle (the consecutive adiabatic and isothermal processes) in (T − s) diagram pertaining to Carnot cycle. In both force-displacement and temperature-entropy diagrams, the enclosed area represents the useful energy or work that is intended to be maximized.
In order to see how efficient the three systems are with respect to the ideal harvester with no mechanical damping, it is convenient to look at the normalized power contours for different values of excitation frequency and amplitude as shown in Fig. 4 . According to the figure, linear harvester works well only near the resonance frequency provided that it does not hit the displacement limits.
Bistable system has a wider effective region as compared to the linear one. The latch-assisted system has a much larger effective region in terms of excitation amplitude and frequency where it harvests better than linear and bistable systems. The latch system works best at low frequencies and large amplitudes where it can mimic the ideal harvester best. Low efficiency of the latch system in the lower left of the plot (low frequency and small amplitude) is because the system does not reach the displacement limits to latch, and hence works like a linear system in this region. Remarkably the system achieves almost 80% of the maximal efficiency 1 in the most interesting regions. This implies that the benefit of introducing more sophisticated active control systems is small, as the system performance is mainly dominated by the displacement constraints.
Despite the huge amount of research and the common belief that the purposeful inclusion of nonlinearity could increase the power density or bandwidth of the vibratory energy harvesters, it has been shown that the current nonlinear harvesters in particular, the bistable harvesters are sensitive to the type of ambient excitation to which they are subjected, and may or may not be very effective when real ambient vibration sources are used 31 . To analyze how robust the latch-assisted harvester is, we tested its performance on real experimental data of walking motion at the hip level 32 which is inherently a low-frequency motion. According to Fig. 5 , the latch-assisted system harvests energy much better than the other two systems.
In conclusion, we have developed a general analysis framework and model hierarchy for derivation of fundamental limits of nonlinear energy harvesting rate. The framework allows easy incorporation of almost any constraints and arbitrary forcing statistics and represents the maximal harvesting rate as a solution of low order system of ordinary differential equations. Closed-form expressions were derived for two cases of harvesters constrained by mechanical damping and maximal displacement lengths. To illustrate the value of the limits we have proposed a simple concept for nonlinear energy harvesting that mimics the performance of the optimal system using a passive latch mechanism. The proposed mechanism outperforms both linear and bistable harvesters in a wide range of parameters including the most interesting regime of low-frequency large-amplitude excitations where the current harvesters fail to achieve high performance. Nondimensional base excitation force is further normalized to unity. b, Nondimensional harvested energy is shown for twenty excitation periods. no mechanical damping at the given excitation amplitude and frequency. Using Eqs. (1) and (2), the nondimensional maximum power of the ideal harvester subjected to harmonic base excitation
